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Abstract— Evolutionary multiobjective optimization (EMO) has been a subject of intensive study in the past two decades, owing
to its research challenges and practical values. With the progress and development of multiobjective evolutionary algorithms
(MOEASs), recent research efforts have shifted to addressing large-scale EMO, which refers to applying evolutionary algorithms to
solve multiobjective optimization problems with 100 or more decision variables. In this study, we delve into the design of eight large-
scale MOEAs and evaluate their performance under different problem scales and computational resource. Based on the experimental
results, we identify suitable algorithms in different scenarios. We also present observations and findings on the relationships between
algorithm design concepts and performance.

I. INTRODUCTION
A (continuous) multiobjective optimization problem (MOP) is typically formulated as follows:

minimize F(X) = (,(X), -, fn (X)) (1)
subject to X = (xq,++,xp) € Q,

where we aim to search for solutions composed of D decision variables that can optimize (assuming minimization here) m
objective functions fi, f,, ..., and fn. A solution X is said to dominate a solution Y if and only if X is not worse than Y in terms of
all objective functions and is better in terms of at least one objective function. A solution X" is said to be Pareto optimal if and
only if no other solution can dominate it. The goal of solving an MOP is to find the set of Pareto optimal solutions.

Evolutionary algorithms are a class of optimization algorithms. They are recognized as promising approaches to solving
MOPs. The so-called evolutionary multiobjective optimization (EMO) sub-domain keeps growing in the last two decades, and
many well-known multiobjective evolutionary algorithms (MOEASs) such as NSGA-II [1], NSGA-III [2], MOEA/D [3], and so
on, have been proposed. With the progress in the development of MOEASs, recently researchers started to apply MOEAS to solve
MOPs with a larger number of decision variables. The MOPs with 100 ore more decision variables are generally regarded as
large-scale MOPs [4]. The increase of problem dimensionality causes the exponential explosion of the search space and thus
imposes difficulty and challenges to the classic MOEAs. Many useful concepts such as variable grouping and search space
reduction have been applied to enable MOEAs to tackle large-scale MOPs. In this paper, we review eight MOEAs dedicated to
large-scale MOPs and conduct a numerical study to examine their performance in different scenarios of problem dimensionality
and computational budget. We aim to identify suitable algorithms in different scenarios and investigate the relationship between
their algorithm design and performance.

The rest of this paper is organized as follows. Section 11 will give a review of related studies. In Section 111, we will describe
the core concepts of eight representative MOEAs for large-scale MOPs. Section IV will present the experiments, numerical
results, and discussions. Finally, conclusions and future research directions will be given in Section V.

Il. LITERATURE REVIEW

MOEAs dedicated to large-scale MOPs are usually categorized into three types: MOEAs based on variable grouping, MOEAS
based on search space reduction, and MOEAs based on novel search strategies [4]. The following three sub-sections will present
a brief review of these three types of MOEASs respectively.

A. Variable Grouping

The difficulty of large-scale MOPs comes from the exponential growth of the search space with the increasing number of
decision variables. Thus, a useful way to tackle this difficulty is not to consider all variables at a time but consider only a subset
of variables. More specifically, we divide the decision variables into several groups and solve each group separately. This is the
core idea of cooperative coevolution (CC) [5], and it is utilized in many MOEASs to solve large-scale MOPs.

How to group variables is the key design issue of the variable-grouping-based MOEAs. CCGDES3 [6] is one of the very early
representative of MOEAS based on variable grouping. It simply groups variables in a random manner and fixes the groups.
MOEA/D-RDG [7] also groups variables randomly, but it changes the grouping periodically and adjusts the group size adaptively.
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MOEA/DVA [8] conducts decision variable analysis and classifies variables into distance, position, and mixed variables. Then,
it does interaction analysis on distance variables and then groups variables based on their interaction relationship. LMEA [9]
uses the same method of variable grouping as MOEA/DVA does and improves the method of classifying variables. PCA-MOEA
[10] adds a dimension reduction step and then does variable grouping. LERD [11] regards the variable grouping as an
optimization problem and groups variables based on the optimization results.

B. Space Reduction

To deal with the difficulty of a large-scale MOP, the basic idea of space-reduction-based MOEAs is similar to that of variable-
grouping-based MOEAs — solving a problem with a smaller scale. Variable-grouping-based MOEAs reduce the problem scale
by considering only a subset of decision variables at a time, whereas space-reduction-based MOEAs consider all variables (not
a subset) but only searches in a limited space.

WOF [12] is the first representative of space-reduction-based MOEAs. It groups the original decision variables, assigns a
weight variable to each group, and transforms the original optimization problem of D decision variables into an optimization
problem of [ D/S | weight variables. (Let S denote the number of decision variables in each group.) The decision variables x; in
the same group k change their values together only by multiplying the value of the corresponding weight variable wx. In this way,
the search is conducted in a limited space. WOF is a framework, and some variants such as WOF-MMOPSO-RDG [13] were
proposed. Like WOF, LSMOF [14] considers all decision variables simultaneously and searches in a limited space. The
difference is in that it defines the limited search space on the lines connecting selected solutions in the population and the
boundary points composed of the minimum and maximum values in the decision space. The idea of directional sampling was
also adopted but realized in different ways in LMOEA-DS [15], DGEA [16] and FLEA [17]. Details of these algorithms will be
given in the next section.

C. Novel Search Strategy

This type of MOEASs do not attempt to reduce the problem scale; instead, they deal with the huge search space of large-scale
MOPs by generating high quality solutions more effectively. LMOCSO [18] was developed based on competitive swarm
optimization (CSO) [19]. The particle updating strategy of CSO considers the velocity by moving from a worse particle to a
better particle. LMOCSO revises the updating strategy by adding a term representing the acceleration. The experimental results
showed that the revised strategy generates solutions with higher diversity. CCSO [20] is another improved CSO for large-scale
EMO. CCSO uses three types of competition. The environmental competition classifies solutions into two equal-size groups as
winners and losers. Each loser learns from two winners, which are chosen by cognitive competition and social competition
respectively. Finally, all winners and learned losers undergo mutation to form the next population. Hong et al. [21] identified the
difficulty of large-scale MOPs with correlation between position and distance functions. They proposed DLS-MOEA based on
a well-known indicator-based MOEA, SMS-EMOA [22]. The main contribution is to enhance the diversification ability of SMS-
EMOA by maintaining an external archive and applying a local search procedure to the archived solutions. Yi et al. [23] examined
the performance of three typical crossover operators in NSGA-II1. They found that the uniform crossover outperforms the SBX
and one-point crossover. Integration of neural networks into MOEAs could also be a promising research direction. Liu et al. [24]
applied a three-layer neural network as a reproduction operator in their ALMOEA, which showed good performance.

I1l. LARGE-SCALE MULTIOBJECTIVE EVOLUTIONARY ALGORITHMS

A. Algorithm Concepts and Relationship

In this section we will present the core concepts of the eight algorithms that we choose to do numerical experiments and
comparison. We identify the core concepts of these algorithms and illustrate their relationship in Fig. 1.

Convergence Directional Problem Variable
Improving Sampling Transformation Grouping
A

OGSO Bound-Targeted Cfircction__
I N
! LMOEA-DS \ | WOF
ALMOEA | |PCEAY R0 LSMOF | | LERD
1 1

________________

Fig. 1. Core concepts and relationship

WOF, LSMOF, and LERD are three algorithms that do problem transformation, i.e. building and solving a new problem
besides the original problem. Among them, WOF and LERD also involve the concept of variable grouping. LMOEA-DS, DGEA,
and FLEA are three algorithms that generate solutions through directional sampling. LMOEA-DS takes the boundary points in
the decision space as end points of the direction lines, and this concept is also utilized by LSMOF and FLEA. LMOCSO and
ALMOEA try some other ways to generate new solutions effectively.



B. WOF [12]

WOF is a representative of the space-reduction-based MOEAs. It alternates between the normal optimization and weighting
optimization steps. The normal optimization step is a standard procedure where a typical MOEA such as NSGA-II is applied to
solve the original problem. Space reduction is realized in the weighting optimization step, where a set of weight variables but
not the set of the original decision variables is to be optimized. After the normal optimization step is carried out, a set of g good
solutions are selected. Then, a transformed problem is created based on each of these selected solutions. Let X = (X1, X2, ..., Xp)
denote a selected solution composed of D decision variables. The decision variables are separated into k = [ D/S | groups, each
group (except the last one) consisting of S variables. Each group is associated with a weight variable, and the vector of weight
variables plays the role of sampling solutions in a reduced space. Specifically, a weight vector W = (w1, Wy, ..., W) corresponds
to a solution

Y = (WX, ..., WiXs, WoXst1, ..., WoXs, ..., WiXD). 2

The weighting optimization step searches in the space of weight vectors directly and in the reduced space of the original decision
vectors indirectly. The weighting optimization is carried out for each of the q good solutions selected from the normal population.
One weight solution is chosen at the end of each weighting optimization and is applied to all solutions in the normal population.
Finally, the best N (the population size) solutions are selected from the union of all (N+q-N) solutions to start the next round of
normal optimization. Fig. 2 illustrates the case with two decision variables and one weight variable. By changing the value of
the weight variable, WOF generates solutions on the lines connecting the selected solutions and the origin point in the decision
space.
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Fig. 2. Weight optimization in WOF (adapted from [12])

C. LERD [11]

The authors of LERD pointed out two disadvantages of existing variable-grouping-based methods — high computational cost
and static grouping. LERD aims to identify the interaction relationship between variables dynamically through solving a
reformulated problem. In the reformulated problem, each solution is a binary vector B = {bs, by, ... bp} and represents a group
of decision variables. The value of b; as one implies that the corresponding decision variable x; in the original problem is selected
in the group. To evaluate a binary vector B, a solution X is randomly selected from the population of the original problem and
then ns new solutions are generated by perturbing the values of only variables belonging to the group represented by B. The sum
of the normalized objective values of these ns solutions is taken as the first objective of B, and the number of 1-bit in B (i.e. the
group size) is taken as the second objective of B. The reformulated problem is actually a bi-objective optimization problem to
find a set of variable groups that lead to quick convergence and have small group sizes. After solving the reformulated problem
and obtaining the groups, LERD will do further convergence and diversity optimization procedures for each group of variables.

D. LSMOF [14]

LSMOF is another representative of the space-reduction-based MOEAs. Different from WOF, LSMOF does not need to do
variable grouping. In addition, LSMOF carries out the optimization steps in the reduced space and in the original space
sequentially, not alternatively. It reduces the search space by sampling only on the lines connecting selected solutions and the
boundary points in the decision space. Let s; denote a selected solution, o denote the lower boundary point (i.e. the point
composed of the minimum values of all decision variables), and t denote the upper boundary point. LSMOF uses two weight
variables Ai; and Aiz to sample solutions piz and pi2 on the lines, as formulated in (3) and (4). Fig. 3 illustrates the sampling process.
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LSMOF selected r solutions from the population of the original problem. A weight vector A = {411, 412, ..., A1, Ar2} represents
a set of 2-r solutions sampled by the method mentioned above. LSMOF attempts to find the optimal weight vector in terms of
the hypervolume of the set of solutions sampled by the corresponding weight vector. In other words, LSMOF transforms the
original optimization problem with D variables into a weight optimization problem with 2-r weight variables. It solves the weight
optimization problem with half of the total computational budget and then solves the original problem with the other half.
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Fig. 3. Directional sampling in LSMOF (adapted from [14])

E. LMOEA-DS [15]

The core idea of LMOEA-DS is similar to that of LSMOF — sampling on the lines connecting the representative solutions
and the boundary points in the decision space. The main difference is that LSMOF formulates the sampling process as an
optimization problem but LMOEA-DS does not. LMOEA-DS calls these sampled solutions the guiding solutions and lets them
participate into the reproduction process. In other words, there are two reproduction processes and two environmental selection
in each generation. In the first reproduction process, the ordinary population P; mate with the set of guiding solutions G; to
generate offspring solutions O¢'. The intermediate population Py is selected from the union of P, Gy, and Oy by the authors’
proposed complementary environmental selection. Then, the second round of reproduction and environmental selection are
carried out on Py to generate the population P’ for the next generation.

F. DGEA [16]

DGEA aims to develop an effective offspring generation method and also uses the concept of directional sampling of LSMOF
and LMOEA-DS. Its method can be regarded as an improved mutation operator of differential evolution (DE). Given a base
solution X and a direction V, a typical DE mutation operator generates a single new solution by Y = X + F-V, where F is a scaling
factor. In DGEA, the base solution is randomly chosen from the non-dominated solutions. For each base solution, DGEA
generates multiple direction vectors by connecting the base solution and multiple reference solutions. Given a base solution X
and a direction V, it generates multiple new solutions by Y; = X + r;-V, where rj is a random value following the Gaussian
distribution N(0, c?). The value of o2 is the variance of the distances of all non-dominated solutions to the base solution X along
the direction V. DGEA generates direction vectors to enhance the diversity (resp. convergence) when there are few (resp. enough)
non-dominated solutions. Fig. 4 illustrates the sampling process.
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Fig. 4. Directional sampling in DGEA (adapted from [16])



H. FLEA [17]

FLEA can be regarded as an improved version of DGEA. They share two key concepts: (1) building the search directions
considering both convergence and diversity and (2) doing Gaussian sampling on the search directions. Comparing with DGEA,
FLEA has three modifications. First, FLEA introduces the neighborhood when building the search directions. After a set of
reference solutions are selected, each solution in the population is assigned to the neighborhood of these reference solutions in
terms of Chebyshev distance. In addition, each reference solution has two types of neighborhoods, one in the decision space and
the other in the objective space. When a reference solution dominates all its neighbor solutions, FLEA builds a search direction
between the reference solution and the center of its neighbor solutions. Second, FLEA considers the lines connecting the
reference solutions and the boundary points in the decision space as search directions. (LSMOF and LMOEA-DS also consider
these directions, but DGEA does not.) These directions are built when all solutions in the neighborhood of a reference solution
are non-dominated. Third, in each generation the reproduction process of FLEA uses all reference solutions as the starting points
to sample solutions on the search directions but DGEA fixes to use only a single reference solution to be the starting point.
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Fig. 5. Directional sampling in FLEA (adapted from [17])

I. LMOCSO [18]

LMOCSO does not use the concept of variable grouping or space reduction; instead, it focuses on improving the particle
updating strategy of CSO. The authors of LMOCSO observed that the standard updating strategy of CSO moves the particle X

toward the leading particle X, slowly since X; moves closer to the Xy, by the attracting velocity A (t) but may move away due to
the original velocity 7;(t), as shown in (5)—(6). They improved the strategy by replacing X,,(¢) and X, (t) in (5) by X, (t) and
Yll(t) in (7)—(8). Simply speaking, the new strategy moves the particle by its original velocity first and then moves it toward the
leading particle by A (t) to reduce the negative effect of the original velocity.

A(t) =X, (1) — X,(t) ®)
X[ (t+1) =X,(t) + ryv;(t) + 1, A) (6)
X (£) = Xy () + 1975 (©) (7)
X, (£) = X, () + 17 (t) ®)

J. ALMOEA [24]

The directions from worse solutions to better solutions are utilized in several algorithms such as DGEA, FLEA, and
LMOCSO. Unlike DGEA and FLEA, which do Gaussian sampling on the search directions, ALMOEA uses the normal DE
mutation operator. The novel design is the use of a neural network to learn the search directions. It sorts the solutions based on
the non-domination rank and the crowding distance. The better half of the population is Se, and the other half is Sp. Each solution
Xin Sy is paired with a solution Y in Se with the minimal acute angle. A three-layer neural network is trained by these pairs of (X,
Y) to learn the convergence directions from X to Y. In each generation, the neural network is trained with one epoch and is then
used to generate the guiding solutions. More specifically, each solution X in the population generates a new solution by

Xnew — Xold + rl,(xold _ xgdv) + rz_(xdl _ de)’ (9)

where X9%" is the output of the neural network with X° as the input.



IV. EXPERIMENTS AND RESULTS

A. Experimental Setting

We investigated the performance of the eight selected algorithms by the LSMOP benchmark set [25], which consists of nine
functions. We set the number of decision variables (D) by 100, 500, 1000, and 2000 to examine the algorithm performance with
respect to the problem scale. The number of objectives was set by two and three. The population size (N) was set by 100 and 105
when the number of objectives was two and three, respectively. The maximum number of fitness function evaluations (MaxFFE)
was set by 500-N, 1000-N, 5000-N, and 10000-N to examine the algorithm performance with respect to different levels of
computational resource.

We carried out the experiments by using PlatEMO 4.2 [26]. The parameter values of all tested algorithms followed the setting
in PlatEMO. The only modification was that we changed the base algorithm of LSMOF and FLEA from NSGA-II to NSGA-I11
since other compared algorithms are based on newer MOEAs. We also replaced the base algorithms NSGA-11 and MOEA/D in
LERD by NSGA-I11. However, the new version did not provide better performance, and thus we kept the original implementation.
The base algorithm in the original paper of ALMOEA is MOEA/D, but the implementation in PIatEMO is 6-DEA [27].

B. Performance Comparison

The performance indicator is the inverted generational distance (IGD). We used the IGD calculation function in PlatEMO.
We ran each algorithm A; to solve each LSMOP function fj with D decision variables and m objectives under T fitness function
evaluations for 20 times. We calculated the average 1GD values and got the rank ri(j, D, m, T) of algorithm A;. Then, we calculated
the average rank ri(D, T) over test functions and the number of objectives. Fig. 6 shows the average ranks of eight algorithms for
different problem scale D and computational resource T. A smaller rank and lighter color represent better performance.

Based on the results in Fig. 6, we first categorize the algorithms into two groups. The algorithms in the first group are more
suitable for solving larger-scale problems with lower computational resource (lighter color at the bottom left corner in the heat
maps). The algorithms in the second group are more suitable for solving smaller-scale problems with higher computational
resource (lighter color at the upper right corner).

The top three algorithms on the left, WOF, LMOEA-DS, and LSMOF belong to the first group. The common design concept
of these algorithms is that they all searched in a reduced space, either by transforming the original solution space into a weight
space (WOF and LSMOF) or by restricting the space in the lines connecting current solutions and boundary points (LSMOF and
LMOEA-DS). The results confirm that their designs are effective to make them perform better when the problem scale is larger
and the computational resource is lower. ALMOEA also belongs to the first group. It utilizes a neural network to learn the
mapping from worse solutions to better solutions and uses the mapping to improve solutions. The mapping could be regarded as
a kind of reduction of the search space, which makes it have similar behaviors like the other three algorithms in the first category.
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Fig. 6. Average ranks of eight algorithms for different problem scale and computational resource



The top three algorithms on the right, FLEA, DGEA, and LMOCSO belong to the second group. Comparing with the
algorithms in the first group, these three algorithms allow larger search space. On one hand, the large search space causes
difficulty of finding good solutions and thus these algorithms could not solve the problems well with low computational resource.
On the other hand, the large search space contains more high-quality solutions, and these algorithms could find good solutions
when they have high computational resource. LERD also belongs to the second group. Its core algorithm design is to do variable
grouping, which requires a lot of computational resource. Therefore, its performance gets better when it is given higher
computational resource.

Table | shows the results of Wilcoxon test with the significance level 0.05. We count the number of LSMOP functions that
a tested algorithm is better than, equal to, and worse than WOF in each scenario of D and MaxFFE. WOF and LMOEA-DS are
good options when the problem scale is large and the computational budget is low; FLEA and DGEA are good choices when the
problem scale is small and the computational budget is high.

C. More Discussions

As we presented in Section 111-A, there are some relationships and similarity between the tested algorithms. In the following
we discuss why the algorithms have similar ideas have different performance results.

WOF vs. LSMOF: WOF and LSMOF are two representative algorithms that reduce the search space by problem
transformation. In our experiments, LSMOF is outperformed by WOF. We think that LSMOF might impose too much reduction.
First, LSMOF restricts all variables to change in the same direction together, while WOF allows different groups of variables
change in different directions. Second, LSMOF fixes one end point of the direction to be the boundary point in the decision
space, while WOF has no such restriction.

LMOEA-DS vs. LSMOF: LMOEA-DS and LSMOF both use the boundary points to guide the search directions. Specifically,
they sample solutions on the lines connecting current solutions and the boundary points. In our experiments, LMOEA-DS
performs better than LSMOF. The possible reason is that LMOEA-DS has double reproduction processes, where the sampled
solutions participate in the crossover process to generate solutions with higher diversity.

LMOEA-DS & LSMOF vs. FLEA & DGEA: These four algorithms all use the idea of directional sampling, but the former
two algorithms and the latter two algorithms belong to two different groups. The main difference of the algorithm design between
the two groups is that the former two fix the boundary points as one end point of the search directions but the latter two do not.
Sticking to searching toward the boundary points could help LMOEA-DS and LSMOF to perform better when the problem scale
is larger and the computational resource is low. When the computational resource is high enough, however, the free search
directions enable FLEA and DGEA to perform better.

FLEA vs. DGEA: FLEA and DGEA bhoth use directional sampling to generate new solutions. We mentioned the difference
between them in Section I11-G. The use of multiple directions in FLEA gives it a larger search space, and thus FLEA performs
better when the problem is smaller and the computational resource is higher.

V. CONCLUSIONS

Developing MOEAs to deal with large-scale MOPs is an emerging area in the domain of EMO, and many algorithms have
been proposed. However, few studies investigated the algorithm performance with respect to both the problem scale and
computational resource. There is also lack of discussions about the algorithmic similarity and performance difference. In this
paper we selected eight representative algorithms, elaborated their core design concepts, and evaluated their performance
through comprehensive experiments. Our findings can be summarized as follows:

* WOF and FLEA are two promising algorithms regarding different problem dimensionality and computational resource.

* Reduction of search space helps to find good solutions effectively when the problem scale is large and the computational
resource is low, while it may hinder the algorithms to find good solutions when the problem is small and the computational
resource is high.

 Directional sampling is an effective technique. When we use this technique, we need to think about the use of boundary
points and the number of directions in difference scenarios of problem scale and computational resource.

Our future work will explore two directions. Firstly, we plan to validate our findings and observations by assessing the
performance of these algorithms using other benchmark function sets such as LMF [28]. Secondly, we will develop some new
algorithms by integrating the strengths and features of the existing algorithms.



TABLE I. COMPARISON RESULTS BETWEEN WOF AND SEVEN ALGORITHMS BY THE WILCOXON TEST

LMOEA-DS DGEA FLEA LMOCSO LSMOF LERD ALMOEA
D MaxFFE +/=/— +/=/—- +/=/—- +/=/—- +/=/—- +/=/—- +/=/—-
500 x N 5/5/8 2/5/11 716/5 713/8 212/14 6/3/9 1/1/16
1000 x N 6/4/8 5/3/10 11/4/13 8/5/5 2/3/13 6/5/7 0/2/16
100 5000 x N 5/3/10 9/4/5 12/412 12/2/4 0/4/14 TIAI7 0/0/18
10000 x N 6/2/10 9/3/6 141212 13/1/4 1/3/14 6/5/7 0/0/18
500 x N 7/5/6 4/2/12 0/2/16 2/0/16 3/5/10 0/0/18 1/5/12
1000 x N 4/6/8 4/3/11 2/3/13 3/1/14 214112 0/1/17 1/2/15
°00 5000 x N 4/5/9 71714 9/1/8 6/2/10 2/3/13 3/4/11 1/0/17
10000 x N 5/3/10 10/4/4 8/6/4 8/3/7 1/4/13 6/2/10 0/1117
500 x N 81713 3/3/12 0/0/18 1/2/15 6/3/9 0/0/18 2/3/13
1000 1000 x N 6/5/7 3/4/11 071117 2/0/16 3/4/11 0/0/18 1/3/14
5000 x N 6/2/10 5/2/11 4/6/8 3/1/14 2/5/11 0/1/17 2/0/16
10000 x N 4/5/9 71417 8/4/6 5/1/12 2/5/11 3/1/14 1/1/16
500 x N 716/5 4/3/11 0/0/18 2/0/16 6/4/8 0/0/18 3/4/11
2000 1000 x N 6/5/7 4/3/11 0/0/18 1/1/16 4/2/12 0/0/18 1/4/13
5000 x N 6/2/10 3/4/11 2/3/13 2/0/16 3/3/12 0/0/18 0/3/15
10000 x N 5/3/10 4/5/9 5/5/8 2/1/15 2/3/13 0/1/17 212114
Total 90/68/130 83/59/146 82/47/159 77/23/188 41/57/190 371271224 16/31/241
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