
Y Xβ ε= + ,  min 2( ( ) ( )TS Y X Y Xβ ε β β) = = − −∑  

normal equation 1( ) .T T T TX X X Y X X X Yβ β −= ⇒ =  

geometric 的解釋： , ( )nY L X∈ 是其 subspace, ( ), ( )Y L X e L X∈ ⊥  

1 2[ ] , ( ) ( )TE V X Xβ β β σ−= =  

fitted values . [ ]Y X EY Xβ β= =  hat matrix 1( ) , ( )T TH X X X X V Y Hσ− 2= =  

residual . [ ] 0, ( ) ( )e Y X E e V e I Hβ σ2= − = = −  

2σ 的 least squares estimator 2

1

T
e es

n p
=

− −
(MSE), 2 2[ ]E s σ=  

令 iiv 是 1( )TX X − 的第 i 個 diagonal element. ~ ( 1)i

ii

T T n p
s v
ιβ β−

= − −  

H 和 I H− 是 idempotent.(i.e., 2 2, ( ) )H H I H I H= − = −  

mean response 2 1: , ( ) ( )
T T T

h hh h h hx Y x V Y x X X xβ σ −= =  

new observation 的 predition ( )( ) ( ):
T

h newh new h newx Y x β=  

2 1
( )( ) (1 ( ) )

T T
h new h h hV Y Y x X X xσ −− = +  

Source of Variation SS df MS 
Regression 2( )ijY Y−∑∑  

p  ( )SS R
p

 

Error 2( )ij ij
Y Y−∑∑  

1n p− −  ( )
1

SS E
n p− −

 

Lack of fit 2( )ijjY Y−∑∑  
1c p− −  ( )

1
SS LF
c p− −

 

Pure Error 2( )ij jY Y−∑∑  
n c−  ( )SS LF

n c−
 

Total 2( )iY Y−∑  
1n −   

當 20, ( ( )) ;E MS Rβ σ= =  若不是的話 2( ( ))E MS R σ>  



0 : 0H β = vs
0

1
( ): 0, ~ ( , 1 )
( )

HMS RH F F p n p
MS E

β ≠ = − −  

Coefficient of Multiple Determination( 2 2( ) ( )1 ,0 1
( ) ( )

SS R SS ER R
SS TO SS TO

= = − ≤ ≤ ) 

adjusted 2

( )
11 ( )

1

SS E
n pR SS TO

n

− −= −

−

 有重複的觀測值，而且我們可以將他分為 c 個類別 

( ) ,
( )obs

MS LFF
MS PE

=  若 ( , 2, )obsF F c n cα> − − 代表其無 linear 的關係 

leverage:若 2( 1)2ii
ph h
n
+

> = 我們通常認為是 high-leverage 

Cook’s Distance ( ) ( ) ( ) ( )
2 2

( ) ( )( ) ( )( )
,

( 1) ( 1)

TT T
i i i i

i

y y y yX X
D

p s p s
β β β β − −− −

= =
+ +

 

這裡 1 ( )p rank X+ = 且 ( )i 代表“將第 i 個點去掉的情形”。 

( )( ) ( )2
2
( ) ( )

( ) ( )( )
( ) , (2 )

T T
ii i

i i
i i ii

X X Y Y pDFFITS DFFITS
s ns h

β β β β− − −
= =  

( )

( )

2(2, )j j i
ij

i ii

DFBETAS
s v n
β β−

=  

extra sum of square 
Source of Variation SS df MS 
Regression 1 2 3( , , )SSR x x x  3 1 2 3( , , )MSR x x x  

1x  1( )SSR x  1 1( )MSR x  

2 1|x x  2 1( | )SSR x x  1 2 1( | )MSR x x  

3 1 2| ,x x x  3 1 2( | , )SSR x x x  1 3 1 2( | , )MSR x x x  

Error 1 2 3( , , )SSE x x x  4n −  1 2 3( , , )MSE x x x  

Total SSTO  1n −   

1 2 3 1 2 3 1 2 3 1 2 1 3 1 2( , , ) ( , , ), ( , , ) ( ) ( | ) ( | , )SSTO SSR x x x SSE x x x SSR x x x SSR x SSR x x SSR x x x= + = + +

2 1 2
01,2

2

( | )
( )

SSR x xr
SSE x

=  

0
*

0 1

( ) ( )

: ( ), : ( ), ~ ( , )( )
H

RM FM
RM FM FM

FM

SSE RM SSE FM
df dfH RM H FM F F df df dfSSE FM

df

−
−

= −  

若 * ( , , ),RM FM FMF F df df dfα> −  不 reject 0H  



若 * ( , , ),RM FM FMF F df df dfα< −  reject 0H  

MLE:min
22

1 12
1

1 (( , , ) ln(2 ) ln ( ) ,
2 2

n

i i
i

n Sl n Y x
n
ββ β σ π σ β β σ

σ
2

0 0
=

)
= − − − − − =∑  

A

Y

Yhat

Y-Yhat

Yhat-YA
YA

C

B

 

SSTO SSTO

SSR(x1)

←SSR(x2|x1)

SSE(x1)SSE(x1, x2)

SSR(x1, x2)

SSE(x2)

SSR(x1|x2)→

SSR(x2)

 


