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Final Exam of Differential Geometry |
Instructor: Chun-Chi Lin
Time: 14:10-16:10
Date: January 09, 2009
1. Compute «,7,T,N,B for the space curve y

7 (t) = [ -1y, 1(1 2, é)

i H;?'(t)u = \/% 1+1) +%(1—t) +s =1=t £_y sharclength parameter

=70 =[3(1+t)2,—§(1—t)2,%]

K({)=T'(t) = ( (1+t)% %(1 t) 2 oj

e Y Ay
= (t)H_4 1+t 1-t 4 1—2_\/8(17

N(t)_K(t)_w/8(1 £) ( (1+t)2—(1 £, o]

N'(t) = 2[( 1-t) 2,(1+t) 2,0]

B(t)=T(t)xN(t) = (——(1+t)2 1(1 t)2, %J

Sy Byl L[ [t -t 1
;_<N(t),B(t)>—4\/§[\/:+\/;j JB-t?)

2.Letthe curve » be

((1—t);,(1+t);,0j

Sl

- 4 . 3
t) =| —cost,1-sint,——cost |.
(1) (5 c )

Show that the curvature » is a circle, and find the centre, radius, and the plane it lies.

% H;?'(QH = \/%sinzucoszuésinzt =1=t ¥_y «arclength parameter
T)=y't)= (—%sint,—cost,gsintj

K@) =T'(t)= (—%cost,sint,gcostj
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_ T _ 16 2 =2 9 2 _ . a
/c_HT (t)H_\/ECOS t+sin t+Ecos t =1,.. x ¥_constant
= N(t) = K(t)
N‘(t):(fsint,cost,—§sint]
5 5

B(t)=T(t)xN(t) = (—g,o, —gj

7=<N'(t),B(t)>=0
£ 4¢ + y & continuous function, ¥ »(0)=y(2x) ..y .- fEcircle

Hradius 3 L =1 ccentre s 7(t)+--N(t) = (0,1,0)
K K

planeig (0,1,0) & £ B(t) = (—%,O,—%) perpendicular

etplane 5 3x+4z=0

3.Let Enneper’s surface be described by the parametrized surface,

f

77

.

- u’ V2
x(u,v) = (u—?+uv2,v—§+vu2,u2 V).

(a)What is the Gaussian curvature K at the point (X,y,z) =(0,0,0)
(b)What is the mean curvature H at the point (x,y,z) =(0,0,0)?
(c)What is the normal curvature «, at the point (X,y,z) =(0,0,0) along a horizontal

direction?
X, (U,v) = (1—u? +Vv?, 2vu, 2u)
X, (u,v) = (2uv,1-Vv? +u?,-2v)

E(u,v)= x—u(u,v)H2 = (L+u?+v?*)? F(u,v) =< X, (u,v), %, (u,v) >=0

G(u,v) = HZ(U,V)H2 = (1+Uu? +Vv?)?
(1+u® +v%)? 0
0 (1+u® +v?)?

X, (U, V) x X, (U,V) = (~2u(L+u? +V?), 2v(L+u® +Vv?), @+ u® +Vv*)(1-u® —Vv?))

f.(u,v){

x'u(u,v)xZ(u,v)H = (1+u’ +Vv?)?
-2u 2v 1—u2—v2]
T+u? +V2 1+ U2 +v2 1+ u? + V2
(u,v) = (2v,2u,0), X, (u,v) = (2u,~2v, -2)
(u,v)>=0

U(u,v)=(

X, (U,V) = (—2u,2V,2), X,
I(u,v) =<U (u,v), x,,

uu

(u,v) >=2,m=<U(u,v), X,

uv

n(u,v) =<U (u,v), x,, (u,v) >= -2
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2 0

f‘.’.(u,V){o _2}
, 2 1o
7 (u,v)f,“,(u,v)_(1+u2+vz)2 {0 —J

x(0,0) = (0,0,0)

(8) K (u,v) = det(F(u,V)F, (U,V)) = ———

(1+u? +v?)*
K(0,0) = —4

() H(u,v) = %tr(F,‘l(u,v)FII (u,v))=0

H(0,0)=0
(Qu*-v?=0
uU+v)u-v)=0

SUu==xv

Qu=v
- - 2.5 23
£ y@u)=x(u,u) = u+§u ,u+§u ,0

7 '(U) = (L+2u%, 1+ 207, 0), s(u) = [ ()| = V2 (1+ 2u%)

_dy
dy _du _ (1+2u®1+2u%,0)
ds ds 424
du

d | (@+2u*,1+2u%,0)
d’y ddy d {(1+2u2,1+2u2,0)} du 42u

& dsds ds| 4wz &
du
4/2u(4u, 4u,0) — (1+2u?,1+2u?,0) - 442
_ 32u?
42u
_ (2u*+4u-1,-2u* +4u-1,0)
32u°
d?y
-.-F(O,O) 7 3% &0 F|tnormal curvature # 7%

@Qu=-v
2 () = x(Uu. -u) = g 3 _ _E 3 j
s y(u) =x(u,-u) (u+3u, u 3u ,0

7'(u) = (1+2u?,—1-2u?,0),s(u) = H}'(u)u =J2(1+2u?)
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_dy
dy _du _ (1+2u*,-1-2u%,0)
ds ds 420
du

d | (@+2u*,-1-2u?,0)
d’y ddy _d (1+2u2,—l—2u2,0)}_ du 4J2u

ds? dsds ds 424 ds
du
42u(4u,—4u,0) — (L+2u?,—1—2u?,0) - 4+/2

_ 32u?
- 42u
_ (-2u?+4u-1,2u* - 4u +1,0)
- 32u°

d?y , ,

2 (0,0) # 33 & » ]t normal curvature # % &

4.Let z° =x*+y?—1 Dbe ahyperboloid of one-sheet in RR®.

(a)What is the first fundamental form?
(b)What is the second fundamental form?

(c)What is the principal curvatures «x, and «,?
(d)Compute the area of the image from {(x, y):1<x*+y® <4} under the Gauss
map.
#2 1 £ x(u,v) = (coshucosv,coshusinv,sinhu),ueR,-z <v< 7
X, (U, v) = (sinhu cosv,sinhusinv,cosh u)
Z(u,v) = (-coshusinv,coshucosv,0)
X, (U, V) x X, (U, V) = (—cosh® ucosv,—cosh® usinv, coshusinh u)

%, (U,V) xZ(u,v)H = cosh u/cosh? u +sinh? u

U(uv) = (—coshucosv,—coshusinv,sinhu)
Jeosh? u +sinh2u

X,, (U,v) = (coshu cosv,cosh usinv,sinhu)

X,, (U,V) = (=sinhusinv,sinhucosv,0)

E(u, v) = (—coshucosv,—coshusinv,0)

E(u,v) =[x, ()| =sinhu-+cosh?u, F (u,v) =< X, u,v), X, (u,v) >= 0

G(u,v) = HZ(U,V)H2 =cosh?u
I(u,v) =<U (u,v), X, L ,m=<U(u,v),x,
Jeosh? u +sinh2u

uu

(u,v) >=-— (u,v)>=0
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n(u,v) =<U (u,v), x,, (U,v) >= cosh” u

Jeosh?u +sinh?u

sinh?u +cosh®u 0
(@A u,v)= )
0 cosh“u

(0) 7 () = L {‘1 ° }

H 2
Jeosh?u+sinh2u| 0 cosh?u

1

1 -
ToodE o sinh?u +cosh®u
cosh”u +sinh“u 0

1 1
LK = K, =—
" Joosh?u+sin®u’ \/(cosh2u+sin2u)3
1
(cosh®u +sinh?u)?

e +e“}_ e +2+e

(©) A (U v)A (uv) =

(d) K (u,v) = det(A *(u,v).% (u,v)) = -

x2+y2:cosh2u:£

2 4
2u —2u 2u -2u
el +2+e :(e +e )+222+2:1,VU6R
4 4 4
2u -2u
e +2+e” _,
4

e +2+e2 <16

e -14+e <0

e —14e? +1<0
7-212<e® <7+2412
4-\J3<e' <4++3
In(4—+/3) <u <In(4++/3)

In(4++3) 7 |— _
area= o) L, Uu(u,v)xUV(u,v)Hdvdu

In(4+3) o7 — —

=t J'_”|K(u,v)| xu(u,v)xxv(u,v)Hdvdu
In(4+3) pr 1 5

™ I — .cosh uv/cosh? u +sinh? udvdu
In(4-v3) J-7 (cosh® u +sinh? u)
In(4++/3) coshu

dvdu

i) J.*” \/(coshz u+sinh®u)?
n(4+/3
_ 72'J4 (4+3) coshu q
"B (L+2sinh? u)’
(# x=sinhu,dx =coshudu
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1<cosh?u<4=1<sinh?u+1<4,sinh?u<3= —/3 <sinhu<+/3)

_ 277"‘_\/\2 dx

J(+2x%)°

1 1
£ x=——tan@,dx =—=sec’ do
NG 7
x=+3 > 0=tan'v6,x=—/3 > =—tan*/6)
tantve ] 1
=27 —— . ——sec*0do
Laﬂ‘% sec’d 2 NN
tan*v6 ]
B \/E”Lan’% secd 10 1

an~1./6 )
- 2\/574; ° 05000 = 24/27sin @

Ban‘1\/€:2\/§7z-.\/§:4\/g =;\/ﬁﬂ-



