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Final Exam of Differential Geometry I 
Instructor: Chun-Chi Lin 

Time: 14:10-16:10 
Date: January 09, 2009 

1. Compute , ,T N Bκ τ, ,  for the space curve γ  
3 3
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解：
1 1 1'( ) (1 ) (1 ) 1
4 4 2

t t t tγ = + + − + = ⇒ 是γ 的arclength parameter 
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2.Let the curve γ  be 
4 3) cos ,1 sin , cos .
5 5

t t t tγ ⎛ ⎞( = − −⎜ ⎟
⎝ ⎠

 

  Show that the curvature γ  is a circle, and find the centre, radius, and the plane it lies. 

解： 2 2 216 9'( ) sin cos sin 1
25 25

t t t t tγ = + + = ⇒ 是γ 的arclength parameter 

    

4 3( ) '( ) sin , cos , sin
5 5
4 3( ) '( ) cos ,sin , cos
5 5

T t t t t t

K t T t t t t

γ ⎛ ⎞= = − −⎜ ⎟
⎝ ⎠
⎛ ⎞= = −⎜ ⎟
⎝ ⎠

 



林柏佐 

 2

    2 2 216 9'( ) cos sin cos 1,
25 25

T t t t tκ κ= = + + = ∴ 是constant 

    

( ) ( )
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5 5
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    再加上γ 是continuous function, 且 (0) (2 )γ γ π γ= ∴ 是一個circle 

    其radius為 1 1
κ
= 它的centre為 ( ) ( ) (0,1,0)t N tγ

κ
1

+ =  

    此plane過 (0,1,0)且與
3 4( ) ,0,
5 5

B t ⎛ ⎞= − −⎜ ⎟
⎝ ⎠

perpendicular 

    故此plane為3 4 0x z+ =  

3.Let Enneper’s surface be described by the parametrized surface, 
3 3

2 2 2 2( , ) ( , , ).
3 3
u vx u v u uv v vu u v= − + − + −  

(a)What is the Gaussian curvature K  at the point )0,0,0(),,( =zyx  
(b)What is the mean curvature H  at the point ?)0,0,0(),,( =zyx  

(c)What is the normal curvature nκ  at the point )0,0,0(),,( =zyx  along a horizontal 
 direction? 

解： 2 2( , ) (1 , 2 , 2 )ux u v u v vu u= − +  
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      (0,0) 4K = −  

    (b) 0)),(),((
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1),( 1 == − vuFvuFtrvuH III  
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      ○1 u v=  
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2

2

d (0,0)
ds
γ∵ 不存在，因此normal curvature不存在 

      ○2 u v= −  

  令 3 32 2( ) ( , ) , ,0
3 3

u x u u u u u uγ ⎛ ⎞= − = + − −⎜ ⎟
⎝ ⎠

 

        2 2 2'( ) (1 2 , 1 2 ,0), ( ) '( ) 2(1 2 )u u u s u u uγ γ= + − − = = +  
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2

2

d (0,0)
ds
γ∵ 不存在，因此normal curvature不存在 

4.Let 2 2 2 1z x y= + −  be a hyperboloid of one-sheet in 3.  
  (a)What is the first fundamental form? 
  (b)What is the second fundamental form? 
  (c)What is the principal curvatures 1κ  and 2 ?κ  
  (d)Compute the area of the image from 2 2{( , ) :1 4}x y x y≤ + ≤  under the Gauss 
    map. 
解：令 ( , ) (cosh cos ,cosh sin ,sinh ), ,x u v u v u v u u vπ π= ∈ − < ≤  
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u u u u

u u

u u

u u

u u

u

u

e e e ex y u

e e e e u

e e

e e
e e
e e

e

e

u

− −

− −

−

−

−

⎛ ⎞+ + +
+ = = =⎜ ⎟

⎝ ⎠
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= ≥ = ∀ ∈

+ +
≤

+ + ≤

− + ≤

− + ≤

− ≤ ≤ +

− ≤ ≤ +

− ≤ ≤ +
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∫ ∫

∫

 

      (令 sinh ,d cosh dx u x u u= =  
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1

7 6

        2 2 21 cosh 4 1 sinh 1 4,sinh 3 3 sinh 3)u u u u≤ ≤ ⇒ ≤ + ≤ ≤ ⇒ − ≤ ≤  
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θ
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