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Final Exam of Differential Geometry |
Instructor: Chun-Chi Lin
Time: 14:10-16:30
Date: January 18, 2008
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1. Letthe curve ﬂ(s)—(ﬁcoss,3|ns,ﬁcossj. Find the curvature x and the

torsion 7 of f.

fz HB '(S)H = \/%sinz S+cos’s +%sin2 s =1= s ¥_p sarclength parameter

T(s)=p4'(s)= (—%sin S, COS s,—%sin sj

K(s)=T'(s) = (—icos s,—sin s,—icos sj

V2 V2

T Hf I(S)H B \/%COSZ S +sin? S+%cos2 s=1= N(s) = R(s)

N'(s) = (isin S,—C0S s,isin s]

N 7

B(s)=T(s)xN(s) = [—%0%)

r=<N'(s),B(s) >=0
2.Let a plane curve be defined by polar coordinates, p = p(8), where p>0 and
0 €[0,2r).
(a)Show that the arclength is
J, o+ (o)a0.
(b)Show that the curvature is

«(6) = 2(p) - pp"+ /332
[(p)+p7]
72 1 2 peurve 7(6) = (p(0)cosd, p(8)sin,0)
@s=]."|r®|de
=LZ”\/(p‘cos¢9—psin9)2+(p'sin¢9+pcose)2d9=j02” P’ +(p)’de
(b) 7'(0) = (p'cos@— psin @, p'sin 6+ pcosd,0)
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7"(0)=(p"cosf—2p'sind— pcos, p"sin@+2p'cosd— psin6,0)
7(6)x7%(8) = (0,0,2(p"): - pp"+ p?)
@l =[r +erT
L K= [r@<ro) _2p) —pp"tp°
A0 I R

3.Let «a(t) bearegular curve in R®. Prove the followings:
(a)The curvature

Hz'(t)xa—"(t)u
P e |

gl
(b)The torsion
_<a't)xa'(t),a"(t) >
Jety<a*|
ds(t)
dt

% 1 (a)2 s 4_qa arclength parameter, v(t) =
a'(t) = E‘(s)% =Vv(t)T(s)
a () =v'(O)T(s) + V()T (s) % =V'()T () +[V() ]’ x(s)N(s)
a'(t)xa"(t) = [V(t)Px(s)B(s)

|l’®xa”®)] _ payPacs) _
|| O

x(S)

(b) e ™(t) =v"(®)T(s) +V'(t)T (s) % + {ZV(t)v '(t)x(s) + V() x(s) %} N(s)

OPRON )T
= {v"(t) - [V [T T (s)
+{VOV (R (s) + vtV (D) x(s) + [V x ()} N (s)
+HV()F (s)z()B(s)
<a'(t)xa"(t),a"(t) >= [V [x(s)] 2 (s)

<a'®)xa"®).a"t)> _ [VOIk(E)F7(s)
— — 2 = 6 > =17(9)
o)y x ™) V(O [x(s)]
4.Let z° =x*+y?—1 Dbe ahyperboloid of one-sheet in R®.
(a)What is the Gaussian curvature K at the point (x,y,z)=(1,0,0)?
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(b)What is the mean curvature H at the point (x,y,z)=(10,0)?
(c)What is the normal curvature «, atthe point (x,y,z)=(10,0) along a horizontal

direction?
Hint: To simplifying calculation, you might need to find a proper parametrization of
the hyperboloid of one-sheet by using the functions of sinh and cosh.

2 £ x(u,v) = (coshucosv,coshusinv,sinhu),ueR,-7<v<rx
x—u(u,v):(sinhucosv,sinhusinv,cosh u)
X, (u,Vv) = (—coshusinv, cosh u cosv, 0)

x—u(u,v)xZ(u,v) = (—cosh? ucosVv, —cosh? usinv, cosh usinhu)

X, (U, V) xZ(u,v)H = cosh uv/cosh? u +sinh® u

_ (=coshucosv,-coshusinv,sinhu)

U(u,v) =

Jcosh? u +sinh2u
x—uu(u,v) = (coshucosv,coshusinv,sinhu)
x—w(u,v) = (—sinhusinv,sinhucosv,0)
E(u,v) = (—coshucosv,—coshusinv,0)

E(u,v) =[x, ()] =sinh?u-+cosh?u, F (u,v) =< X, (u,v), X, (u,v) >= 0

— 2
G(u,v) = Hxv(u,v)H =cosh’u

I(u,v) =<U (u,v), X, (U,V) >= - ! ,m=<U(u,v),x,(u,v)>=0
Jeosh? u +sinh?u
- — cosh’u
n(u,v) =<U (u,v), x,, (u,v) >=
Jcosh? u+sinh2u
inh? h? 0 -1 0
AUV = sinh“u+cosh” u A= 1 )
0 cosh”u Jeosh?u+sinh?u | 0 cosh®u
1 B 1
FAHU)A (u,v) = sinh?u +cosh?u
Jeosh?u +sinh®u 0 1
1
K (u,v) = det(% " (u,v).A (u,v)) = —
(u,v) (A (V)4 (u,v) (coshZu +sinhZu)?
H(u v)—ltr(f’l(u V)7 (U,V)) = ! (1— L j
o2 2\/cosh?u +sinhZu \_  sinh®u+cosh”u
-+ x(0,0) = (1,0,0)
(@) K (0,0) =-1
(b)H(0,0)=0

(€) £ y(v) =x(0,v) = (cosV,sinv,0)
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7'(v) = (—sin v,cosv,O),H;?'(v)H =1,v £arclength parameter
7"(v) = (—cosv,—sinv,0)
coshu

K, (U,v) =< 7"(v),U (u,v) >=
Jeosh? u +sinh?u

x,(0,0)=1
5.Let Enneper’s surface be described by the parametrized surface,

- u’ v
X(U,V) =| u——+uv?,v——+wu® u® —v? |,
3 3

(a)What is the first fundamental form?
(b)What is the second fundamental form?
(c)What is the principal curvatures x, and x,?

(d)Compute the Gauss map for the Enneper’s surface and show that it is a one-to-one
map from the Enneper’s surface to the sphere.

(e)(Continued)Show that the image of the disk {(u,v):u®+v* <3} under the Gauss
map covers more than a hemisphere of the sphere.
Hint for (d) and (e): first, write the normal vector field N in polar coordinates by
Letting x=rcosd and y=rsing, then focus on the third coordinate.
2 © (@)X, (u,v) = (1—u® +Vv?,2vu, 2u)
X, (U, V) = (2uv,1-v? +u?,-2v)

E(u,v) = x—u(u,v)H2 = (L+u?+v?)? F(u,v) =< X, (U,v), X, (u,v) >=0

G(u,v) = HZ(U,V)H2 = (1+u?+v?)?
(L+Uu? +V2)? 0 }

0 (L+u®+v?)?
(b) X, (U, V) x X, (U, V) = (~2u(L+u? +v?), 2v(L+u? +V?), 1+ Uu® +V*)(L-u® —Vv?))
x—u(u,v)xg(u,v)H: AL+u? +Vv?)?

-2u v 1-u? —VZ]

T+u? +V2 1+ U2 +V2 1+ u? + V2
(u,v) = (2v,2u,0), X, (u,v) = (2u,-2v, -2)
(u,v)>=0

o]

U(u,v)=(

X, (U,V) = (—2u, 2V, 2), X,
I(u,v) =<U(u,v), x,,

uu

(u,v) >=2,m=<U(u,v), x,,

uv

n(u,v) =<U (u,v), x,, (u,v) >= -2

2 0
f..(u,v){o _2}
, 2 [t
(©).A (uv).A (u) = (@+u?+v?) {0 —J
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2 2
e e —
P4ut+vA)2 T @4u? HvR)?

(d)@(u,v):U(u,V)=( -2u N 1-u oy

1+u%+v2 " 1+u% +Vv2 "1+U? + V2
—2rcos@ 2rsin@ 1-r?
1+r% " 1+r? 1412

], 2 u=rcoséd,v=rsing

G(u(r,&),v(r,@)):[ J,I’Z0,0S(9<27Z'

f— 2 —
£ f(r) =i+—:2, f '(r)=#)230:> f &_strictly decreasing= f 1-1

@+r
G+ F1-1

1-r?
(e) f(r)= Z,OSrs\/§
1+r

d (d) f(V3)< F(r) < f(O):—%s f(r)<1

4 %% G h¥ 3 coordinate § ¥t 4z - L 12+ hsphere
6.Show that the Gaussian curvature of a rule surface
X(t,v) = a(t) +vo(t),t,ve R,
is equal to zero if and only if
det(a', @', @) =0.

2 0 x(t,v) =a't)+ve'lt)

%, (t,V) = o(t)

X (£, V) x X, (t,V) = & (t) x o(t) + Vo '(t) x o(t)
a'(t)xo(t) +veo'(t) x o(t)
o' ) x () + veo'(t) x o(t)|
X (t,V) = & "(t) + v "(t), X, (t,V) = @'(t), X,, (t,v) = 0

<a'(t)xo(t),o'(t) >

o' x () + veo't) x o(t)|
det(A,) _
det()

u(t,v)=

m(t,v) =<U (t,V), X, (t,v) >= n(t,v)=0

K =det( .5, =

0 < det(£ ) =0

 [det(a’, 0,0

— — — — 12
Ha X @+Vo'x a)H

=0 0=det(a’, 0, 0') = -det(a', @', )

~det(a', @', ®)=0



