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Final Exam of Differential Geometry I 
Instructor: Chun-Chi Lin 

Time: 14:10-16:30 
Date: January 18, 2008 

1. Let the curve 1 1( ) cos ,sin , cos .
2 2

s s s sβ ⎛ ⎞= ⎜ ⎟
⎝ ⎠

JK
 Find the curvature κ  and the 

torsion τ  of .β
JK

 

解： 2 2 21 1'( ) sin cos sin 1
2 2

s s s s sβ = + + = ⇒
JK

是 β
JK
的arclength parameter 

    
2 2 2

1 1( ) '( ) sin ,cos , sin
2 2
1 1( ) '( ) cos , sin , cos
2 2

1 1'( ) cos sin cos 1 ( ) ( )
2 2

1 1'( ) sin , cos , sin
2 2

1 1( ) ( ) ( ) ,0,
2 2

T s s s s s

K s T s s s s

T s s s s N s K s

N s s s s

B s T s N s

β

κ

⎛ ⎞= = − −⎜ ⎟
⎝ ⎠
⎛ ⎞= = − − −⎜ ⎟
⎝ ⎠

= = + + = ⇒ =

⎛ ⎞= −⎜ ⎟
⎝ ⎠

⎛= × = −⎜
⎝

JK JK

JJK JK

JK JJK JJK

JJK

JK JK JJK

'( ), ( ) 0N s B sτ

⎞
⎟
⎠

=< >=
JJK JK

 

2.Let a plane curve be defined by polar coordinates, ),ρ ρ θ= (  where ρ > 0  and 
[0, 2 ).θ π∈  

(a)Show that the arclength is 
2 2

0
( ') d .

π
ρ ρ θ2 +∫  

  (b)Show that the curvature is 

　
2 2

32 2

2( ') ''( )
( ')

ρ ρρ ρκ θ
ρ ρ

− +
=

⎡ ⎤+⎣ ⎦

 

解：令此curve ) ( ) cos , )sin ,0)γ θ ρ θ θ ρ θ θ( = ( (
K

 

    (a)
2

0
' ) ds

π
γ θ θ= (∫
K

 

        
2 22 2 2

0 0
( 'cos sin ) ( 'sin cos ) d ( ') d

π π
ρ θ ρ θ ρ θ ρ θ θ ρ ρ θ2= − + + = +∫ ∫  

    (b) ' ) ( 'cos sin , 'sin cos ,0)γ θ ρ θ ρ θ ρ θ ρ θ( = − +
JJK
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2 2

3 32

2 2

3 32

'' ) ( ''cos 2 'sin cos , ''sin 2 'cos sin ,0)

' ) '' ) (0,0, 2( ') '' )

' ) ( ')

' ) '' ) 2( ') ''

' ) ( ')

γ θ ρ θ ρ θ ρ θ ρ θ ρ θ ρ θ

γ θ γ θ ρ ρρ ρ

γ θ ρ ρ

γ θ γ θ ρ ρρ ρκ
γ θ ρ ρ

2

2

( = − − + −

( × ( = − +

⎡ ⎤( = +⎣ ⎦

( × ( − +
∴ = =

( ⎡ ⎤+⎣ ⎦

JJK
JJK JJK

JJK

JJK JJK

JJK

 

3.Let ( )tα
JK

 be a regular curve in 3.\  Prove the followings: 
  (a)The curvature 

3

'( ) ''( )

'( )

t t

t

α α
κ

α

×
=

JJK JJK

JJK  

  (b)The torsion 

2
'( ) ''( ), '''( )

'( ) ''( )

t t t

t t

α α ατ
α α

< × >
=

×

JJK JJK JJJK

JJK JJK  

證：(a)令 s 是α
JK
的arclength parameter, d ( )( )

d
s tv t
t

=  

      

2

3

3

3 3

d' ) ' ) ( ) ( )
d

d'' ) '( ) ( ) ( ) '( ) '( ) ( ) [ ( )] ( ) ( )
d

' ) '' ) [ ( )] ( ) ( )

'( ) ''( ) [ ( )] ( ) ( )
[ ( )]'( )

st s v t T s
t

st v t T s v t T s v t T s v t s N s
t

t t v t s B s

t t v t s s
v tt

α α

α κ

α α κ

α α κ κ
α

( = ( =

( = + = +

( × ( =

×
= =

JJK JJK JK

JJK JK JJK JK JJK

JJK JJK JK

JJK JJK

JJK

 

    (b) 2d d''' ) ''( ) ( ) '( ) '( ) 2 ( ) '( ) ( ) [ ( )] '( ) ( )
d d
s st v t T s v t T s v t v t s v t s N s
t t

α κ κ⎧ ⎫( = + + +⎨ ⎬
⎩ ⎭

JJJK JK JJK JJK
 

             2 d[ ( )] ( ) '( )
d
sv t s N s
t

κ+
JJK

 

           { }3 2''( ) [ ( )] [ ( )] ( )v t v t s T sκ= −
JK

 

            { }3( ) '( ) ( ) 2 ( ) '( ) ( ) [ ( )] '( ) ( )v t v t s v t v t s v t s N sκ κ κ+ + +
JJK

 

            3[ ( )] ( ) ( ) ( )v t s s B sκ τ+
JK

 
      6 2'( ) ''( ), '''( ) [ ( )] [ ( )] )t t t v t s sα α α κ τ< × >= (

JJK JJK JJJK
 

      
6 2

2 6 2

'( ) ''( ), '''( ) [ ( )] [ ( )] ) )
[ ( )] [ ( )]'( ) ''( )

t t t v t s s s
v t st t

α α α κ τ τ
κα α

< × > (
= = (

×

JJK JJK JJJK

JJK JJK  

4.Let 2 2 2 1z x y= + −  be a hyperboloid of one-sheet in 3.\  
(a)What is the Gaussian curvature K  at the point ( , , ) (1,0,0)?x y z =  
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(b)What is the mean curvature H  at the point ( , , ) (1,0,0)?x y z =  

(c)What is the normal curvature nκ  at the point ( , , ) (1,0,0)x y z =  along a horizontal 
direction? 

  Hint: To simplifying calculation, you might need to find a proper parametrization of 
  the hyperboloid of one-sheet by using the functions of sinh and cosh. 
解：令 ( , ) (cosh cos ,cosh sin ,sinh ), ,x u v u v u v u u vπ π= ∈ − < ≤

K
\  

    

2 2

2 2

( , ) (sinh cos ,sinh sin ,cosh )

( , ) ( cosh sin ,cosh cos ,0)

( , ) ( , ) ( cosh cos , cosh sin ,cosh sinh )

( , ) ( , ) cosh cosh sinh

( cosh cos , cosh si( , )

u

v

u v

u v

x u v u v u v u

x u v u v u v

x u v x u v u v u v u u

x u v x u v u u u

u v uU u v

=

= −

× = − −

× = +

− −
=

JJK

JJK

JJK JJK

JJK JJK

JK
2 2

2 2 2

n ,sinh )
cosh sinh

( , ) (cosh cos ,cosh sin ,sinh )

( , ) ( sinh sin ,sinh cos ,0)

( , ) ( cosh cos , cosh sin ,0)

( , ) ( , ) sinh cosh , ( , ) ( , ), ( , ) 0

uu

uv

vv

u u v

v u
u u

x u v u v u v u

x u v u v u v

x u v u v u v

E u v x u v u u F u v x u v x u v

G

+
=

= −

= − −

= = + =< >=

JJK

JJK

JJK

JJK JJK JJK

2 2

2 2

2

2 2

2 2

2 2

( , ) ( , ) cosh

1( , ) ( , ), ( , ) , ( , ), ( , ) 0
cosh sinh

cosh( , ) ( , ), ( , )
cosh sinh

sinh cosh 0 1( , ) , ( , )
0 cosh cosh si

v

uu uv

vv

I II

u v x u v u

l u v U u v x u v m U u v x u v
u u

un u v U u v x u v
u u

u u
u v u v

u u

= =

=< >= − =< >=
+

=< >=
+

⎡ ⎤+
= =⎢ ⎥

+⎣ ⎦

JJK

JK JJK JK JJK

JK JJK

F F 22

1 2 2
2 2

1
2 2 2

1
2 22 2

1 0
0 coshnh

1 01( , ) ( , ) sinh cosh
cosh sinh 0 1

1( , ) det( ( , ) ( , ))
(cosh sinh )

1 1 1( , ) ( ( , ) ( , )) 1
2 sinh cosh2 cosh sinh

(0,

I II

I II

I II

uu

u v u v u u
u u

K u v u v u v
u u

H u v tr u v u v
u uu u

x

−

−

−

−⎡ ⎤
⎢ ⎥
⎣ ⎦

⎡ ⎤−⎢ ⎥= +⎢ ⎥+
⎣ ⎦

= = −
+

⎛ ⎞= = −⎜ ⎟+⎝ ⎠+
K

∵

F F

F F

F F

0) (1,0,0)=

 

    (a) (0,0) 1K = −  
    (b) (0,0) 0H =  
    (c)令 ( ) (0, ) (cos ,sin ,0)v x v v vγ = =

K K
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      '( ) ( sin ,cos ,0), '( ) 1,v v v v vγ γ= − =
K K

是arclength parameter 

2 2

''( ) ( cos , sin ,0)
cosh( , ) ''( ), ( , )

cosh sinh
(0,0) 1

n

n

v v v
uu v v U u v

u u

γ

κ γ

κ

= − −

=< >=
+

=

K

K JK
 

5.Let Enneper’s surface be described by the parametrized surface, 
3 3

2 2 2 2( , ) , , .
3 3
u vx u v u uv v vu u v

⎛ ⎞
= − + − + −⎜ ⎟
⎝ ⎠

K
 

  (a)What is the first fundamental form? 
  (b)What is the second fundamental form? 
  (c)What is the principal curvatures 1κ  and 2 ?κ  
  (d)Compute the Gauss map for the Enneper’s surface and show that it is a one-to-one 
    map from the Enneper’s surface to the sphere. 
  (e)(Continued)Show that the image of the disk 2 2{( , ) : 3}u v u v+ ≤  under the Gauss 
    map covers more than a hemisphere of the sphere. 
  Hint for (d) and (e): first, write the normal vector field N

JJK
 in polar coordinates by 

     Letting cosx r θ=  and sin ,y r θ=  then focus on the third coordinate. 
解：(a) 2 2( , ) (1 , 2 , 2 )ux u v u v vu u= − +

JJK
 

       

2 2

2 2 2 2

2 2 2 2

2 2 2

2 2 2

( , ) (2 ,1 , 2 )

( , ) ( , ) (1 ) , ( , ) ( , ), ( , ) 0

( , ) ( , ) (1 )

(1 ) 0
( , )

0 (1 )

v

u u u

v

I

x u v uv v u v

E u v x u v u v F u v x u v x u v

G u v x u v u v

u v
u v

u v

= − + −

= = + + =< >=

= = + +

⎡ ⎤+ +
= ⎢ ⎥+ +⎣ ⎦

JJK

JJK JJK JJK

JJK

F

 

    (b) 2 2 2 2 2 2 2 2( , ) ( , ) ( 2 (1 ), 2 (1 ), (1 )(1 ))u vx u v x u v u u v v u v u v u v× = − + + + + + + − −
JJK JJK

 

       

2 2 2

2 2

2 2 2 2 2 2

( , ) ( , ) (1 )

2 2 1( , ) , ,
1 1 1

( , ) ( 2 , 2 , 2), ( , ) (2 , 2 ,0), ( , ) (2 , 2 , 2)

( , ) ( , ), ( , ) 2, ( , ),

u v

uu uv vv

uu uv

x u v x u v u v

u v u vU u v
u v u v u v

x u v u v x u v v u x u v u v

l u v U u v x u v m U u v x

× = + +

⎛ ⎞− − −
= ⎜ ⎟+ + + + + +⎝ ⎠
= − = = − −

=< >= =<

JJK JJK

JK

JJK JJK JJK

JK JJK JK JJK
( , ) 0

( , ) ( , ), ( , ) 2
2 0

( , )
0 2

vv

II

u v

n u v U u v x u v

u v

>=

=< >= −

⎡ ⎤
= ⎢ ⎥−⎣ ⎦

JK JJK

F

 

    (c) 1
2 2 2

1 02( , ) ( , )
0 1(1 )I IIu v u v

u v
− ⎡ ⎤

= ⎢ ⎥−+ + ⎣ ⎦
F F  
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      1 22 2 2 2 2 2

2 2,
(1 ) (1 )u v u v

κ κ∴ = = −
+ + + +

�  

    (d)
2 2

2 2 2 2 2 2

2 2 1( , ) ( , ) , , ,
1 1 1

u v u vG u v U u v
u v u v u v

⎛ ⎞− − −
= = ⎜ ⎟+ + + + + +⎝ ⎠

JK JK
 令 cos , sinu r v rθ θ= =  

      
2

2 2 2

2 cos 2 sin 1( ( , ), ( , )) , , , 0,0 2
1 1 1
r r rG u r v r r

r r r
θ θθ θ θ π

⎛ ⎞− −
= ≥ ≤ <⎜ ⎟+ + +⎝ ⎠

JK
 

      令
2

2 2 2

1 4( ) , '( ) 0
1 (1 )

r rf r f r f
r r

− −
= = ≤ ⇒

+ +
是strictly decreasing f⇒ 1 1−  

      G∴
JK
也是1 1−  

    (e)
2

2

1( ) ,0 3
1

rf r r
r

−
= ≤ ≤

+
 

      由(d) 1( 3) ( ) (0) ( ) 1
2

f f r f f r≤ ≤ ⇒ − ≤ ≤  

      也就是G
JK
的第3個coordinate會對應超過一半以上的sphere 

6.Show that the Gaussian curvature of a rule surface 
( , ) ( ) ( ), , ,x t v t v t t vα ω= + ∈
K JK JK

\  
is equal to zero if and only if 

det( ', ', ) 0.α ω ω ≡
JK JK JK

 
解： ( , ) '( ) '( )tx t v t v tα ω= +

JK JK JK
 

    

( , ) ( )

( , ) ( , ) '( ) ( ) '( ) ( )

'( ) ( ) '( ) ( )( , )
'( ) ( ) '( ) ( )

( , ) ''( ) ''( ), ( , ) '( ), ( , )

v

t v

tt tv vv

x t v t

x t v x t v t t v t t

t t v t tU t v
t t v t t

x t v t v t x t v t x t v

ω

α ω ω ω

α ω ω ω
α ω ω ω

α ω ω

=

× = × + ×

× + ×
=

× + ×

= + = =

JJK JK

JK JJK JK JK JK JK

JK JK JK JKJK
JK JK JK JK

JJK JK JK JJK JK JJK

1

2

2

0

'( ) ( ), '( )( , ) ( , ), ( , ) , ( , ) 0
'( ) ( ) '( ) ( )

det( )det( ) 0 det( ) 0
det( )

[det( ', , ')] 0 0 det( ', ,
' '

tv

II
I II II

I

t t tm t v U t v x t v n t v
t t v t t

K

v

α ω ω
α ω ω ω

α ω ω α ω ω
α ω ω ω

−

< × >
=< >= =

× + ×

= = ≡ ⇔ ≡

− ≡ ⇔ ≡
× + ×

K

JK JK JKJK JJK
JK JK JK JK

JK JK JK JK JK JK
JK JK JK JK

FF F F
F

') det( ', ', )

det( ', ', ) 0

α ω ω

α ω ω

= −

∴ ≡

JK JK JK

JK JK JK

 


